The quest for good thermoelectric materials and/or high-efficiency thermoelectric devices is of primary importance from theoretical and practical points of view. Low-dimensional structures with quantum dots or molecules are promising candidates to achieve the goal. Interactions between electrons, far-from-equilibrium conditions and strongly non-linear transport are important factors affecting the usefulness of the devices. This paper analyzes the thermoelectric power of a twoterminal quantum dot under large thermal and voltage biases as well as the performance of the three-terminal system as a heat engine. To this end we introduce two slightly different Seebeck coefficients, generalizing the linear response expression. The direct calculations of thermally induced electric and heat currents show that, in agreement with expectations and other work, the efficiency of the thermoelectric heat engine as measured by the delivered power is maximal far from equilibrium. However, strong Coulomb interactions between electrons on the quantum dot are found to diminish the efficiency at maximum power and the maximal value of the delivered power. arXiv:1904.05064v1 [cond-mat.mes-hall] 
I. INTRODUCTION
Thermoelectricity, the invention of the 19th century, is still at the forefront of research due to its importance for space exploration and automotive industry 1 , and many more branches of modern technology both at large 2 and small 3 scales. Attempts to find high performance thermoelectric bulk materials 4 , including those with topologically non-trivial 5 band structure, have found limited progress. In the last few decades, a lot of attention has been put forward towards nano-devices 6 and molecular systems 7, 8 , utilizing quantum effects to boost their thermoelectric performance towards the thermodynamic limit 9 .
When a temperature gradient ∇T (or a temperature difference ∆T ) is established across a bulk material, the voltage V is generated. The response of the isotropic system is quantitatively characterized by the Seebeck coefficient 10, 11 
defined under the condition that no charge current flows in the material. The same formal definition is valid for a nano-structure with two external electrodes (see Fig. (1a) ). However, Eq. (1) has to be generalized for more complicated geometries with several electrodes. In fact the thermoelectric characterization of nano-structures with three electrodes (as, e.g., the one shown in Fig. (1b) ) requires the definition of the whole matrix of Seebeck coefficients. Such geometries also allow studies of non-local effects 12, 13 . In bulk systems the linear approximation is generally a valid simplification 14 . In nano-structures containing quantum dots, however, we are virtually always dealing with a non-linear situation, as mentioned earlier [15] [16] [17] and carefully discussed recently 6 . The small ratio of the thermalization length to the sample length in bulk systems, and the opposite situation in nano-structures is responsible for their different behavior. This has a profound effect on the analysis of small heat engines, and results in the inapplicability of the thermoelectric figure of merit ZT to judge the usefulness of the device as an efficient energy harvester. This means that nano-systems with a large figure of merit 18 ZT may in reality feature a small efficiency 12, 15, 16, 19, 20 .
From the basic physics point of view, the measurement of the Seebeck coefficient provides additional and novel information about the studied system compared to that obtained from the electrical conductivity. In the simplest case, the latter depends on the value of the density of states N (E F ) at the Fermi level, while the former 'measures' its slope. The thermopower has been shown to be directly related to the entropy flowing between different parts of the system 11 . A strong increase of S in nano-devices and nano-structured materials has been observed 21 , in agreement with the earlier proposal 22 . Recent studies 23 have shown that doping or nano-structuring bulk thermoelectric materials may lead to the required modifications of the energy spectrum close to the Fermi energy but also to localization of states which deteriorates the systems performance. The details of the nano-structures may be important, e.g., for systems based on molecules the actual value of the thermopower depends on the length of the molecule 24, 25 .
It has been found 9,16 that non-linear working conditions can favorably affect the performance of heat engines. Indeed recent years have witnessed increased ac-tivities in the theoretical studies of transport beyond the linear approximation [26] [27] [28] [29] [30] [31] [32] . The main motivation of that kind of work is related to the desire to find devices with improved thermoelectric performance, which often can be achieved in the non-linear regime only 33 . The early developments in non-linear quantum transport driven by thermal gradients and/or voltage biases have been reviewed recently 34 . Even more recent work includes Refs. [35] [36] [37] [38] .
The aim of this work is to study thermoelectric transport of quantum dot based nano-devices by means of the non-equilibrium Green function approach, taking Coulomb interactions and non-linear effects into account. In the non-linear regime more general definitions of the Seebeck coefficient than that given in Eq. (1) are needed. These are especially important if an externally applied voltage V is present while the system is thermally biased. This means one seeks the thermoelectric response of the material with coexisting voltage and thermal bias. At low temperatures the Kondo effect is expected to dominate the transport of the system at hand. The existence of the Kondo effect in interacting quantum dots has been predicted a long time ago 39, 40 , and later observed experimentally [41] [42] [43] .
As the theoretical treatment of an interacting quantum dot is of importance in itself, we also present in some detail the semi-analytical technique proposed recently by Lavagna 44 . It is based on the equation of motion method 45 for the non-equilibrium (or Keldysh) Green functions 46 . She has proposed a few important additions, which make the method able to properly describe the Kondo effect 47 in linear and non-linear regimes, i.e., under large voltage and temperature differences between the electrodes and for the particle-hole symmetric model. The present approach extends our previous studies of the non-equilibrium screening effects 48 , and is important for a better understanding of the interaction effects in far-from-equilibrium situations as encountered in high efficiency heat engines 33 based on quantum dots.
The use of the equation of motion (EOM) technique to study the single impurity Anderson model has a long history. It started with the work of Anderson himself 49 , and has been pursued by others [50] [51] [52] [53] , mainly in the context of single impurities in metals. Some of the attempts to generalize the original EOM and the decoupling procedures have been summarized by Kashcheyevs et al. 54 . The approach was later applied to treat the Kondo effect in quantum dots coupled to external electrodes 39, 40 . More recent work in that direction includes studies of complicated systems and geometries like those with one normal and one ferromagnetic or superconducting electrode [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] . It has to be mentioned that there is a vast amount of experimental data measuring the thermopower in various nano-systems 9,72-96 ; these provide additional motivation for the theoretical work.
The organization of the paper is as follows. In Sec. II we present the model and our approach of calculating the charge and heat currents by means of the Keldysh non-equilibrium Green function (GF) technique. The re- shows a simple nano-engine with one hot (red) and two cold electrodes (blue) and two quantum dots (grey). In the latter case the filtering properties of quantum dots are important for the performance of the device.
sulting spectral function of the quantum dot is discussed in Sec. III at low temperatures and for various conditions including particle-hole symmetry and non-equilibrium. The thermally induced currents are the subject of Sec. IV where also rectification properties of the non-symmetrical device are mentioned. Three possible definitions of the Seebeck coefficients, including two valid in the non-linear regime, are proposed in Sec. V. The Coulomb interaction between electrons on the three-terminal quantum dot heat engine is found (Sec. VI) to diminish the performance of the device in question. The appearance of the Kondo effect in the heat engine shows up as a two-leaf structure of the performance diagram on the efficiencypower plane. We end with summary and conclusions in Sec. VII.
II. MODELING THE DEVICE AND CALCULATING CURRENTS
Here we discuss the simple geometry where the system consists of a quantum dot tunnel-coupled to a few normal electrodes as shown in Fig. (1) . The Hamiltonian of the system is written as
where n λkσ = c † λkσ c λkσ and n σ = d † σ d σ denote particle number operators for the leads and the dot, respectively. The operators c † λkσ (d † σ ) create electrons in respective states λkσ (σ) in the leads λ = L, R, H (on the dot). The spin is σ = ±1 (↑, ↓), and ε σ = ε d + σµ B B, where B is the magnetic field introducing Zeeman splitting, µ B denotes the Bohr magneton, and ε d is the dot electron energy level. The Hubbard parameter U describes the repulsion between two electrons on the dot.
The charge current in the electrode λ is calculated as the time derivative of the average charge in that electrode N λ = kσ n λkσ , and reads
where ... denotes the statistical average. The calculation of the heat fluxes, J λ , follows that of the charge:
where H λ = k,σ ε λkσ n λkσ is the energy operator for the electrode λ. Calculating the commutators and introducing appropriate GFs, one obtains 46
The final expressions for the (stationary) currents can easily be written in the following general form: 46
The parameters Γ λ σ (E) = 2π k |V λkσ | 2 δ(E − ε λk ) describe the coupling between the dot and the respective electrodes. The Green functions G i σ (E) = d σ |d † σ i E with i = r, a, < determine the spectral properties of the quantum dot as well as the transport properties of the whole system. Having in mind non-equilibrium transport induced by a voltage bias and/or a temperature difference, we keep the dependence of the Fermi distribution functions f λ (E) on the electrode λ via its chemical potential µ λ and its temperature T λ . The heat current (8) can be written as the difference between the energy current J E λ and the charge current I λ :
Importantly, in the steady state and in the wide band approximation (i.e., for energy independent couplings: Γ L,R σ (E) = Γ L,R σ ), one can derive 44 exact expressions for the currents. First, from n σ = c † σ (t)c σ (t) and the definition of the lesser Green function, one has 46
The derivation then makes use of the fact that in the steady state
Working out the commutator in (11), using (10) and the Langreth theorem 97 , it is straightforward to derive the following 'self-consistency' condition: 44
Let us underline again that the expression (12) is exact under the proviso that the couplings to the leads are energy independent, Γ λ σ (E) ≡ Γ λ σ = const. If this condition is violated, as it might be the case in graphene 98-100 , hybrid systems with one (or both) of the electrodes being a superconductor, e.g., d-wave 101 , other approaches are needed. For models with energy dependent couplings one still has to rely on approximate relations between the lesser self-energy Σ < σ (E) and the retarded one, Σ r σ (E), making use of Ng's approximation 55 , a generalization of the fluctuation-dissipation theorem 27, 38 , or using the equation of motion for the lesser GF 102 and suitable decoupling. For recent attempts including energydependent couplings, see the paper 70 .
With the above (exact in the steady state and for constant Γ's) formulation, the charge current across the twoterminal system can be written in terms of the retarded GF only:
. This expression is analogous to the well-known Meir-Wingreen formula 103 . A direct calculation leads to I = I L = −I R , which expresses the current conservation in the system. Similar expressions can be derived for the heat current flowing from the left,
and right electrode:
It can be verified that
in agreement with energy conservation. Here I = I L = −I R is the charge current, andQ = J L + J R the total heat current leaving the leads. For later use we define the power, P = (µ R − µ L )I/e, and the voltage bias, V = (µ R − µ L )/e, across the system. Three-terminal quantum dot devices have been proposed 12, 20, 26, 33 as efficient, easy to control heat engines, and analyzed in equilibrium and beyond, both for non-interacting and interacting quantum dots. Our general formulas for the charge and energy currents (8) flowing out of an arbitrary electrode λ allow for an easy application to the three-terminal system like the one shown in Fig. (1b) . In the notation of the figure the heat is flowing from the hot to two cold electrodes; assuming that no charge current flows out of or into the hot electrode. The flow of charge is dictated by the gate bias of the two quantum dots, which in the discussed system act as energy filters. The total heat current in the system is
while the charge current (assuming I H = 0) reads
Introducing a 'load' between the two cold electrodes, in the figure shown as an external voltage V , one defines the power delivered by the system as
and the system energy harvesting efficiency as
To calculate currents we only need to know the retarded Green function of the system -which is still a complicated issue with no exact analytic solution. There exist a few numerically exact approaches: for example, among the many techniques applied to study the single-impurity Anderson model 47 the quantum Monte Carlo 104 and the numerical renormalization group method 105 should be mentioned. However, our aim is to use the analytic expressions which have been proven to be quantitatively correct 44 , and valid far from equilibrium; in addition, in our opinion these are physically more transparent compared to purely numerical results, as discussed below. The details of the calculations are relegated to the Appendix.
One finds the following final expression for the on-dot GF:
The various symbols are defined in the Appendix. The expression for the Green function agrees with that obtained earlier 44 . It has been proposed by Lavagna 44 that for the correct description of the Kondo effect one has to supplement the above set of equations by two ingredients. They are discussed in the Appendix, but we briefly repeat the main arguments here. First, one should introduce the finite lifetimes of singly and doubly occupied states on the dot. Second, it is important to take care of the many-body renormalization of the dot energy level ε d . The first improvement consists in replacing the E + i0 terms in the definitions of various Green and correlation functions by E + iγ α , where the inverse lifetimesγ α of the excited states α = |σ , | ↑, ↓ are due to higher order processes, and can be calculated up to the desired order via the generalized Fermi rule as
with T (E) =V +V g(E)V + · · · being the scattering matrix, andV denoting the part of the Hamiltonian describing the coupling between quantum dot and reservoirs.
The second improvement amounts to the replacement of ε d byε d , to be calculated self-consistently from
The GF (21) has been shown to fulfil the unitarity limit and describe quantitatively correctly the Kondo effect 44 even of particle-hole symmetric systems in equilibrium and out-of-equilibrium. We shall use the above GF to calculate the spectrum of the thermally induced currents as well as linear and non-linear Seebeck coefficients in the system.
III. KONDO EFFECT IN EQUILIBRIUM AND FAR FROM EQUILIBRIUM
For illustrative purposes and in order to introduce the framework, we discuss in this section the properties of an interacting quantum dot between two normal electrodes, as illustrated in Fig. (1a) . We start the presentation of the results by showing the density of states (DOS) of the quantum dot in various regimes. From now on, we neglect the spin dependence of the couplings, and slightly change the notation:
In addition, we measure all energies in units of Γ 0 ≡ Γ L . The particle-hole symmetric case is of special importance as it is well known 44 that all previous attempts to use the EOM method failed in this case 38, 60, 65 . In Fig. (2) we present the DOS in the particle-hole symmetric situation with ε d = −4Γ 0 and U = 8Γ 0 . Both lower and upper Hubbard bands centered in energy (E) around ε d and ε d + U are clearly visible. At the same time, the Abrikosov-Suhl, sometimes also called Kondo resonance develops at the chemical potential. In both panels the DOS is given for two values of the system temperature, T = 0.1 and 0.001, and for a number of voltages V applied between left and right electrode. One observes the evolution of the Kondo peak with increasing bias. The black (solid) curve in both parts of the figure refers to V = 0 and T = 0.001, and the other curves to increasing values of V . Energies are given in units of Γ0. Note that in most formulas we set kB = 1, except when it serves clarity.
The external bias shifts the chemical potentials of the leads µ L/R = µ ± eV /2 to new positions, and the Kondo peak splits into two with each resonance pinned to the chemical potential of the lead. In particular, Fig. (2) shows the evolution of the two peaks with temperature. At T = 0.001Γ 0 , they are very sharp, while at T = 0.1Γ 0 they are reduced but still clearly visible. The changes of the Kondo resonance with bias and temperature are crucial to understand the behavior of the thermally induced current and the (non-linear) thermoelectric power as discussed in the next sections. At still higher temperatures (not shown) both Kondo peaks vanish altogether, and only lower and upper Hubbard bands survive. The Kondo resonance is due to spin flip processes on the dot while the Hubbard sub-bands are related to charge fluctuations. This explains the relative robustness of Hubbard sub-bands with increasing temperature, and the fragility of the Kondo correlations. However, voltage and temperature affect the Kondo resonance in a different way. While a voltage eV > T K leads to a splitting of the resonance in two sub-peaks with concomitant decrease of their maximum, the finite temperature only lowers the height of the peak and broadens it. All these features are well reproduced by the used decoupling scheme. Outside the particle-hole symmetric point, the voltage-split Kondo resonances are not symmetric anymore. This is mainly due to the closer proximity of one of the resonances to the lower Hubbard band. The individual resonances are pinned to the Fermi levels of the respective electrodes. This is well visible in the lower panel of Fig. (2) , and also in the upper panel of Fig. (3) .
We now add a thermal bias to one of the electrodes, with focus on the question of how one of the on-dot peaks in the density of states evolves with temperature difference. We start with the split Kondo resonance as shown in the upper panel of Fig. (3) . The temperature of the right lead is kept constant, at T R = T , while we gradually increase the temperature of the left electrode, T L = T + ∆T . The upper panel of the figure (3) shows the voltage-split Kondo peaks for ∆T = 0, for easy comparison, while the lower panel demonstrates the evolution of both peaks with increasing T L . The peak pinned to the chemical potential of the left electrode (appearing at E = µ L ) is strongly affected by the temperature bias, it broadens and vanishes with increasing temperature. One observes only small changes of the other Kondo peak. Thus under voltage and temperature bias the peaks' heights and widths depend mainly on the conditions (V , ∆T ) at the electrode with the chemical potential to which it is pinned. For diminishing external voltage bias both peaks overlap in energy, and one observes a single feature in the density of states corresponding to the average temperature (T L + T R )/2 of the system.
IV. THERMOCURRENTS AND THEIR RECTIFICATION
Next we calculate the thermo-currents, i.e., the thermally induced currents I(∆T ) = I(∆T, V = 0) for the interacting system with U = 10Γ 0 , T R = T = 0.01Γ 0 , and T L = T + ∆T , for a few values of ε d . As a function of temperature bias ∆T the current shows an interesting set of zero values visible in Fig. (4) . The number of zeros depends on the interaction strength and the gate voltage, i.e., ε d . To understand this behavior let us consider a particular value of ε d . For ε d = −Γ 0 and the assumed U , the Kondo temperature is T K ≈ 0.09Γ 0 . In such a situation the on-dot level is slightly below the chemical potential µ = µ L = µ R , and the doubly occupied state 2ε d + U = 8Γ 0 is far above it, so the Kondo resonance develops. The schematic energy diagram (without Kondo resonance) is illustrated in the lower panel of Fig. (4) . For small average temperature, the temperature difference ∆T induces the current flowing mainly via the Kondo resonance (located at ε ≈ µ) out of the left electrode, and I(∆T ) > 0. For a temperature difference around ∆T ≈ Γ 0 > T K , the contribution from the smeared Kondo resonance gets relatively smaller than the contribution from the other states. For the considered, relatively large, temperature difference it is mainly holes which flow from the left electrode or electrons mainly flowing from the right to the left due to the difference of the Fermi functions. For still higher ∆T , the thermally excited electrons at the left electrode start to flow from left to right through the upper doubly occupied level, and the current is again positive. In a similar manner one can understand the behavior of the current at other gate voltages 38 , and other ε d . According to Eqs. (13) and (14), the charge and heat currents through the quantum dot directly depend on the on-dot Green function. In the linear approximation the matrix of kinetic coefficients is symmetric, according to Onsager's relations. Outside linearity one expects the violation of these symmetries, and a non-linear dependence of the currents on the voltage and/or thermal bias. The asymmetry of a device induces current rectification ef- fects as discussed earlier in the context of transport via molecular junctions in the pair-tunneling regime 106 . In the two-terminal structure with the same spectrum of the left and right electrode the only source of asymmetry are the couplings to the leads Γ L(R) .
To show the thermally induced charge current rectification in the Kondo regime, we assume an asymmetry in the couplings with Γ R /Γ L = 2, 3. We apply the temperature bias ∆T to the left electrode and calculate the current across the system, I(T, ∆T ) = I L (T L ) − I R (T R ). For the studied temperature range we are deep in the Kondo regime since T av = (T L + T R )/2 T K (≈ Γ 0 ). In Fig. (5) the current is compared to the one flowing in the system with the same temperature bias applied to the right electrode. In both cases the base temperature of the device is the same and equals T , so the difference be- tween the curves of different colors directly demonstrates the rectification effect. Thin (thick) curves correspond to an asymmetry of 2 and 3, respectively. The current flow is in the direction consistent with temperature difference, and for sufficiently large values of ∆T their values are visibly different. The rectification factor amounts to about 30% and depends on ∆T .
V. LINEAR AND NON-LINEAR THERMOPOWER AND THE ROLE OF ASYMMETRY
A temperature difference between the ends of the bulk system or between the external electrodes in the nanodevice results in the appearance of a voltage across the system. This voltage can be used to power external devices. Hence nanostructures can serve as heat to electricity converters (heat engines or refrigerators). Non-linear effects are expected to be important in all nano-devices whatever the applied bias 6, 17 . Here we are interested in non-linear transport resulting from a sizeable temperature difference or/and externally applied voltage. The suitable generalization of the definition (1) of the Seebeck coefficient to non-linear situation reads
where ∆T is the temperature difference applied to the nanostructure. The traditional way to measure the Seebeck coefficient assumes the application of the temperature bias ∆T , and finding such voltage V where the current across the device vanishes, I(∆T, V ) = 0. In this formulation the only source of non-linearity is directly given by the value of ∆T , assumed to be large enough to preclude the linear expansion of the charge current I(∆T, V ) in first powers of V and ∆T . On the contrary, when the linear expansion is valid, we have I(∆T, V ) = L 11 V + L 12 ∆T, (26) and the corresponding thermopower is given by the ratio of kinetic coefficients
Expanding Eq. (13) for small V and ∆T up to linear order, one finds an explicit expression for S. Sometimes the definition (25) of the non-linear Seebeck coefficient S n is extended to the differential one, S d , calculated formally for constant current flowing as a result of the external voltage V . This S d measures the response of the system with current flow to the change in temperature difference ∂∆T . At the applied external voltage V and temperature difference ∆T , S d is defined 32,71 as the derivative
As argued earlier, S d should also be accessible experimentally 32 . In that paper the response (∂I/∂∆T ) has been calculated under the additional approximation that, at a given but arbitrary external voltage, a very small temperature bias ∆T is applied to the system. We remark that the analysis presented in Refs. 32, 71 contributes to a better understanding of decoherence processes at finite voltage with potential applications as nanoscale temperature sensors.
Here we are interested in the generalization of S d to arbitrary temperature differences ∆T and arbitrary bias as well as its comparison to S n and S. Of course, for infinitesimally small ∆T and V all definitions of Seebeck coefficients are equivalent and lead to the same result, S = S n = S d , independent of the temperature. For arbitrary V and T but vanishingly small ∆T , the two non-linear Seebeck coefficients are equal, S n = S d . The formula (28) extends the standard definition (25) towards the non-linear regime, caused by both a large ∆T and additionally a finite (large) externally applied bias voltage V . In this regime, S n and S d attain different values.
To gain some feeling about the relative values and the behavior of the three, in principle different Seebeck coefficients we show in Fig. (6) the linear S (where appropriate), non-linear S n , and differential S d coefficients as calculated for the two-terminal device. The three panels in Figure (6) illustrate their dependence on temperature T , temperature difference ∆T , and voltage V . We assumed T R = T , T L = T + ∆T , µ L = µ + eV /2, and µ R = µ − eV /2, and performed the calculations for U = 8Γ 0 , ε d = −5Γ 0 , with other parameters as given in the figure. We remark that for these parameters the Haldane formula for the Kondo temperature (with (Γ L + Γ R )/2 = Γ N ),
The upper panel of Fig. (6) illustrates the Tdependence of all Seebeck coefficients for three values of the voltage eV = −0.1, 0, and 0.1, and for a very small temperature difference, ∆T → 0. The value V = 0 in fact denotes a very small voltage, V → 0. All parameters are given again in energy units of Γ 0 . For the actual calculations, we have used δT = 10 −9 , and to calculate the voltage derivative in (28) we have used δV = 10 −9 . All coefficients have the same value S = S n = S d if V = 0. For a relatively large value of V the calculation of S is meaningless; the figure shows that, independent of T and for both values of V one has S n = S d , the equality being due to the smallness of the applied temperature difference.
The situation is different if ∆T is arbitrary. The results for V = 0 are presented in the middle panel of Fig. (6) ; it is apparent that all coefficients assume different values, except for small ∆T (the linear case). The differences increase with increasing ∆T , with S d lying below S n (and S n below S) for all T and a given set of parameters.
For non-zero voltages the relative order of S n and S d may be different, as is visible from the lower panel of the figure. The data presented there have been obtained for T = 0.01, and two values ∆T = 0.005 and 0.05. For small temperature bias the curves corresponding to S n and S d are rather close to each other. However, for larger ∆T the non-linear dependence of the Fermi functions and the on-dot density of states on V and ∆T lead to various contributions to both S n and S d .
The non-zero value of both Seebeck coefficients S n and S d for V = 0 can be understood by taking into account the lack of particle-hole symmetry, 2ε d + U = 0, for the set of parameters used. For these parameters the density of states is similar to that shown in the lower panel of Fig. (2) . The differences between the curves S n (V ) and S d (V ) for the same ∆T are of the same character as those observed in the middle panel of the figure, while the global similarities between the two sets of curves calculated for ∆T = 0.005 and ∆T = 0.05 can be traced back to a larger contribution to (∂I/∂∆T ) obtained from Eq. (13): Note that the difference
is an odd function of the voltage, which implies that the resulting curves are nearly anti-symmetric with respect to V = 0 (and that the ordinates are equal, S n (0) ≈ S d (0)). The smaller contribution proportional to (−∂f L (E)/∂∆T ) depends on V in a non-universal way. This causes the crossing of two coefficients at various voltages and for ∆T well beyond validity of the linear approximation (where S n = S d for all V and T ).
As a final remark we note that the asymmetry of the couplings Γ L = Γ R also affects the Seebeck coefficients. To see this we assume V = 0 and a relatively small (but slightly beyond the validity of the linear approximation) temperature difference ∆T = 0.03. Figure (7) shows the three Seebeck coefficients S, S n , and S d , calculated for isotropic coupling Γ R /Γ L = 1 (thin lines) as well as for an anisotropic system Γ R /Γ L = 2 (thick lines). Interestingly, the largest decrease of the Seebeck coefficient is observed at low temperatures, well below the Kondo temperature T K , in agreement with recent findings 71 based on the non-crossing approximation. These authors already noted that the effect is largest in the Kondo regime. The asymmetry of the couplings is an important experimental fact 107 which has to be taken into account in any calculation aiming at a comparison with experiment 108 . Experimentally, it has been found 107 that, e.g., the asymmetry shifts the cut-off of the noise emission from quantum dots from lower towards higher frequencies.
VI. THREE-TERMINAL HEAT ENGINE: THE ROLE OF STRONG COULOMB INTERACTIONS
In this section we consider the effects of strong interactions between the on-dot electrons on the characteristics of the three-terminal heat engine consisting of two cold terminals connected via two quantum dots to the hot one, cf. Fig. (1) . Such a three-terminal heat engine, for the non-interacting case but well outside equilibrium, has been studied earlier 33 . The work has been later extended 48 to take screening effects into account, treating the interactions within a mean-field approximation. The main conclusion was that albeit the screening modifies the parameters at which the engine is optimal, it does neither change the maximal power nor the efficiency at the maximum power. A similar heat engine has also been optimized with respect to the transmission function 109 .
Here we shall pursue the analysis assuming non-linear working conditions and taking strong interactions into account. To this end, we use the general expressions (7) for the charge and (8) for the heat current flowing out of the λ lead, the energy conservation (16) , and the general expression (21) for the on-dot Green function. From the charge current flowing from the left to the right electrode, and the heat current flowing from the hot to the cold electrodes, we calculate the performance of the engine as quantified by the maximum power P and the efficiency η at maximum power.
Previously we have found 48 that the three-terminal heat engine at optimized conditions attains an efficiency slightly above 0.2 in units of the Carnot efficiency, and that this value is roughly the same as without screening effects. The optimization involved the effective coupling between the dots and the leads, Γ/T av , the temperature difference between the electrodes, ∆T /T av , and the load voltage, V ; T av is the average temperature of the system. The calculations have shown that the optimal coupling is of the order of the average temperature, Γ/T av ≈ 1. (The coupling Γ introduced here refers to the symmetric engine with Γ L = Γ R = Γ H ≡ Γ.) The efficiency has been found to depend rather weakly, and the power strongly on the temperature difference ∆T between the hot (H), T H = T + ∆T , and the two cold (R, L) electrodes, T R = T L = T .
In order to demonstrate the effect of the Coulomb interaction on the performance of the engine, we show in Fig. (8) the efficiency η vs. power P . The efficiency is measured in units of the theoretically expected maximal value given by the Carnot efficiency, η C = ∆T /T R = 0.4, and the power is normalized by (k B T av ) 2 . The plot shown in the upper panel of the figure, valid for a threeterminal system, has been obtained by calculating the heat and charge currents as well as the optimal voltage (and the power) for a given difference of the dot's energy levels, ∆E = ε R − ε L , where ε R (ε L ) refers to the energy level of the right (left) dot in the system (see Fig. (1) ). It has to be noted that for appropriate values of ε R (ε L ) and low temperature the respective dot may show Kondo behavior. This has an important effect on the η-P plot. From the upper panel of Fig. (8) one sees that the U = 0 curve essentially encompasses all curves obtained for the interacting case. Coulomb interactions generally suppress the performance characteristics -at least so under the assumptions of the present approach, including the wide band approximation. The temperature of all electrodes are such that this system (upper panel) is always outside the Kondo regime.
To illustrate the behavior of the engine working in the Kondo regime, we show in the lower panel of Fig. (8) a similar plot, but obtained for a two-terminal system and a lower value of the average temperature. For the interaction U = 8Γ 0 and temperatures T L = 0.15Γ 0 , T R = 0.25Γ 0 , the dot enters the Kondo regime for a range of gate voltages (or ε d ). The Kondo effect existing for some values of ε d results in the appearance of the new performance branch on the η -P plane. As visible in the lower panel of the figure, this region is characterized by low efficiencies and powers when the system works as a heat engine.
The three-terminal quantum dot working as a refrigerator at very low temperature and in the Kondo regime requires a more careful examination, which is outside the scope of the present paper.
The results shown in Fig. (8) have been obtained under the assumption that the couplings to the leads equal the average temperature, the value which has been found to be optimal for the non-interacting system, in order to facilitate the comparison with the previous results. The red curve, corresponding to the non-interacting case, agrees with previously obtained results for the same set of parameters: Γ L = Γ R = Γ H = T , ∆T /T av = 0.5. Analogous to previous calculations 48 , the power and efficiency at each point are obtained for the optimized value of the load voltage V . As is apparent from the figure, the maximal efficiency is slightly higher than 0.2η C .
VII. SUMMARY AND CONCLUSIONS
We have studied the thermoelectric transport properties of of two-and three-terminal systems with quantum dots, paying attention to strong interactions of electrons on the dot(s) and under far-from-equilibrium conditions. Of particular importance in such nanostructures is the non-linear regime at large external voltage bias V and large temperature difference ∆T . As discussed in the Introduction, the linear approximation is hardly ever valid in nanostructures. This has been again confirmed here, and is visible as the detrimental effect of strong correlations on the performance of the three-terminal optimized heat engine. Calculating the maximum power P and the efficiency η of the optimized heat engine for various interactions U , we have observed that except at very low temperatures the curves calculated for U = 0 are encompassed by the curve obtained for the non-interacting system. Obviously the filtering properties are affected by the interactions which broaden or split the density of states rendering the filter less effective. This agrees with previous attempts at optimizing heat engines by engineering the transmission function 26, 109 . On the other hand, strong interactions are responsible for the second leaf on the efficiency vs. power plane appearing at low temperatures, when the system enters the Kondo regime for a range of gate voltages. This novel feature requires further analysis, especially for a three-terminal quantum dot working as a refrigerator.
The strongly non-linear regime requires proper definitions of the thermopower. The generalization of the standard linear-response definition of the Seebeck coefficient to the strongly non-linear regime has been considered. This results in two different formulas for two coefficients S n and S d . Both are, in principle, valid for arbitrary values of V and ∆T , albeit the first coefficient is eas-ier to handle in systems with zero external voltage but arbitrarily large temperature difference between a given pair of electrodes. The second, called differential Seebeck coefficient, has earlier been applied 32, 71 to systems with finite current flow and a small temperature difference. It has been generalized and studied here for arbitrary ∆T in the presence of an external voltage bias V . Interestingly the asymmetry of the couplings to the external leads has qualitatively a similar influence on both Seebeck coefficients. They develop a minimum for temperatures well below the Kondo temperature. The observed quantitative differences between S n and S d are expected to be important for temperature sensing by means of thermopower measurements 110 .
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Appendix A: Details of the calculations
There exist many techniques which provide a correct description of the physics leading to the single-impurity Kondo effect 47 . However, most of them are based on numerical approaches very often restricted to equilibrium situations. A quantitatively correct analytical description of the Kondo effect valid both in and out of equilibrium, however, is important as it provides additional insights into the underlying physics 59, 66 . Here we shall show that the appropriately generalized 44 EOM technique supplemented with an analytic calculation of the lifetimes provides an easy, physically transparent, and numerically correct approach to study the Kondo effect.
To calculate the retarded GF in the stationary state, it is convenient to use the EOM for two-time functions 45 in the energy representation. The equation of motion for an arbitrary Green function A|B E composed of the fermionic operators A and B reads:
However, the calculation of lesser Green functions are more conveniently performed on the time contour and continued to real times by means of Langreth's theorem 97 . This approach has been used to obtain the average number of electrons on the dot, Eq. (12).
To determine the retarded GF, one starts with the equation of motion for g r σ (E) = d σ |d † σ E+i0 , which reads
where H denotes the Hamiltonian (2) of the system. Calculating the commutators one finds
Here the symbolσ ≡ −σ is introduced, and two new GFs show up on the r.h.s. In turn, we calculate both of them, again using the equation of motion (A1). The simplest one is given by
In Eq. (A3) we need this function multiplied by V * λkσ and summed over λk. The result is:
(A5) The factor in front of the GF on the r.h.s. defines the self-energy:
In the wide band limit, one approximates (A6) by its imaginary part:
and neglects the possible energy dependence of Γ λ σ (E) = Γ λ σ . As discussed in Sec. II, the wide band approximation is essential in the derivation of the exact formula (12) .
In principle it is tempting to decouple the GF on the r.h.s. of (A3) multiplying U as nσd σ |d † σ E ≈ nσ d σ |d † σ E , but it turns out that the equation of motion for this GF introduces important new functions, describing fluctuations of opposite-spin (σ) electrons. In order to obtain a qualitatively correct description of Kondo correlations, this function has to be calculated exactly 50, 51 at this level. In the next step, we obtain:
Interestingly, the GFs containing one lead operator enter the above equations via the sums
The motivation for the decoupling comes from the knowledge that the many-body Kondo singlet observed between the electron localized on the dot and the conduction electrons is due to anti-ferromagnetic spin flip processes. Thus performing this decoupling, we concentrate on the spin, say up, particle moving in a selfconsistently (see below) determined dynamic field of the spin down particles tunneling between the dot and electrodes. These approximations are known as Lacroix decoupling 51 . They are valid up to the second order in the coupling V λkσ to the leads. The above approximations result in the appearance of the various self-energies given as follows 44 :
They can easily be expressed in terms of the retarded (r) and advanced (a) Green functions d σ |d † σ r,a E of the opposite spin GFs. In these expressions we have introduced two important generalizations as proposed earlier 44 . They are suggested by the work of Van Roermund et al. who have extended the EOM technique and systematically studied the Anderson model up to the fourth order 64 , i.e., up to |V λ kσ | 4 . One the main findings of that paper is that the primary effect of higher order processes is to provide a finite lifetime of excited states on the dot, and a renormalization of the on-dot energy level ε d . These two effects are taken into account by replacing the imaginary part in the GFs, i0, by iγ α , and ε d byε d . Finally we obtain the following expressions:
(A30) In the above we have introduced ε 1 =ε σ −εσ, and ε 2 =ε σ +εσ + U . The subscripts 1 and 2 refer to the excited 1-and 2-electron states of the dot, respectively. The self-energies are calculated iteratively and self-consistently with the GF (21) . The remaining two self-energies Σ (1, 2) σ are equal to Σ 0σ for iγ α 1,2 = i0 + ; however, for arbitrary values of iγ α 1,2 they have to be calculated directly from the definition,
